Introduction
Let F q be a finite field with q elements and characteristic p. With λ ∈ F q , consider the family of Calabi-Yau projective hypersurfaces X λ in P n defined by acts on X λ producing the (singular) mirror variety Y λ := X λ /G. Let W λ be a smooth crepant resolution of Y λ . In [2] , Wan proves that the number of F q krational points on each of the varieties X λ , Y λ , and W λ are congruent modulo q k for every positive integer k. In this paper, we will partially extend this result. Once extended, we will apply the result to the study of the quotient of the zeta functions Z(X λ /F q , T ) and Z(Y λ /F q , T ). This will partially extend another result of Wan's and explain the form of the zeta function of X λ found in [1] when n + 1 = 5.
To be more precise, if #X(F q ) denotes the number of F q -rational points on X λ (similar for Y λ and W λ ) then we are interested in finding a relation between #X(F q k ), #Y (F q k ), and #W (F q k ) for every positive integer k. As mentioned, Wan [2, Theorem 1.1] proves that for every positive integer k:
Moreover, he conjectures [2, Conjecture 1.3] that for any given strong mirror pair of Calabi-Yau manifolds, defined over F q , that the same congruence as above holds. I encourage the reader to look through the highly readable introduction of [2] for a more detailed account of the above remarks along with other ideas like the so-called Slope Mirror Conjecture [2, Conjecture 1.5].
As a side remark, a consequence of (1) is that the unit root zeta function for each of the families X λ , Y λ , and W λ , parameterized by λ, are equal. Moreover, this is conjectured to be a general phenomenon by [2, Conjecture 1.3] . Unit root zeta functions have only recently been shown to be p-adic meromorphic by Wan [3, 4] .
When the gcd(n+1, q k −1) = 1, then there are no (n+1)-roots of unity in the field F q k . Thus, since Y λ is the quotient variety of X λ by a group consisting of (n+1)-roots of unity, one may suspect a direct relation between the F q k -rational points of X λ and Y λ . This is captured by the following. Theorem 1. For every positive integer k such that gcd(n + 1, q k − 1) = 1, we have the equality
Before we consider the case when gcd(n+1, q k −1) > 1, let us apply Theorem 1 to the zeta functions of X λ and Y λ . When X λ is smooth and λ n = (n + 1) n+1 , then Wan [2, Theorem 7.3] tells us that there exists a polynomial R n (λ,
− n and pure of weight n − 3, such that
Applying Theorem 1 to this situation gives: Theorem 2. Suppose gcd(n + 1, q) = 1. Let k be the smallest positive integer such that q k ≡ 1 modulo n+1. Assume X λ is non-singular and λ n = (n+1) n+1 . Then there are positive integers ρ 1 , . . . , ρ s , each divisible by k, and polynomials Q 1 , . . . , Q s ∈ 1 + T Z[T ] which are pure of weight n − 3 and irreducible over Z, such that
− n. To note, the polynomials Q i depend on n and λ.
We also wonder what happens when we look at the quotient of the zeta functions of X λ and the smooth mirror W λ . In this direction, it follows from [1, Equation 10 .3] and [1, Equation 10 .7], in which they empirically compute the zeta function of the quintic Calabi-Yau and its smooth mirror, that with n + 1 = 5 and X λ smooth, then
where q k ≡ 1 modulo 5 and the R's are quartic polynomials over Z which are not necessarily irreducible. (Note, k = 1, 2 or 4.) It is difficult to refrain from commenting that (2) suggests that Theorem 1 may hold for W λ as well.
As mentioned in [2, Section 7], the polynomials Q i being pure of weight n−3 suggests that they arise from the zeta functions of varieties of dimension n − 3. It would be quite interesting to determine these varieties in general (and for general n + 1). For the quintic (n + 1 = 5), [1] has experimentally determined genus 4 curves A and B whose zeta functions produce R A and R B , respectively. What rôle (if any) these auxiliary curves A and B play in mirror symmetry is a mystery. Aside from this, we also wonder what may be said when X λ is singular.
In March of this year, I attended the 2004 Arizona Winter School (which took place in Texas!) whose theme concerned connections between number theory and physics. During the conference, I was one of a handful of students working on a project with Dr. Candelas which essentially looked at the (n + 1)-adic expansions of #X λ (F q ) and #Y λ (F q ) when n + 1 was a prime number; see [1, Section 15] . Motivated by this experience and a challenge from my advisor is the following.
2. Writing λ = −(n + 1)ψ in the new parameter ψ, if n + 1 is a power of a prime ℓ, then
Combining this with (1) and the Chinese remainder theorem gives:
Corollary 1. Suppose n + 1 is a power of a prime ℓ and gcd(n + 1, q) = 1.
Extending these results to the smooth mirror W λ would require analyzing the resolution involved. In this direction, when n + 1 = 5 and ψ 5 = 0, 1, it follows from (2) that for every positive integer k:
as the reference and source of notation, we will derive formulas for #X λ (F q ) and #Y λ (F q ) in terms of Gauss sums. In this section, we will assume λ = 0. For each 1 ≤ k ≤ q − 2, define the Gauss sum
where χ is the Teichmüller character of the multiplicative group F * q and ζ p is a primitive p-th root of unity in the field C p . Define G(0) := (q − 1) and
Next, define the (n + 2) × (n + 2)-matrix
Define the set
For each k ∈ Z n+2 , define s(k) as the number of non-zero entries in M k ∈ Z n+2 . Next, define
. . .
If one of the rows equals zero, then we must have k i = 0 for some 1 ≤ i ≤ n + 1. Thus, if k ∈ E 2 such that 0 < k 1 < q − 1, then all the rows of M k must be non-zero; that is, s(k) = n + 2. Putting this together with the last paragraph, we find that,
Let N * λ denote the number of F q -rational points on the affine toric variety in G n m defined by
In the proof of [2, Theorem 5.1], Wan shows us that for λ = 0,
Putting this together with (4), we obtain:
Fortunately, Wan [2, Equation 11 ] has provided us with the formula for Y λ .
Formula for #Y λ (F q ): (for all λ ∈ F q )
What about λ = 0?
For λ = 0, N * λ is given by the formula
Also, when λ = 0, then the theory of [2, Section 2] forces k n+2 to equal zero. Thus, in the above calculations, we must neglect all terms which have k n+2 = 0. This leads to:
The Proof of Theorem 1
Combining equations (6) and (7) gives us: (for λ = 0)
If λ = 0, then
When gcd(n + 1, q − 1) = 1, then these differences are equal to zero (proving Theorem 1) by the following lemma.
Proof. Let k ∈ E. Suppose k i = 0 for 1 ≤ i ≤ q − 1. Then, by (3), we see that (n + 1)k i ≡ (n + 1)k j modulo q − 1 for every 1 ≤ i, j ≤ q − 1. By hypothesis, n + 1 is invertible in Z/(q − 1), and so k i = k j . This means that, if k ∈ E 1 then at least one of the first n + 1 coordinates must be zero. Let 1 ≤ i ≤ n. Suppose k ∈ E 1 and its first i coordinates are zero. Then (3) tells us that k n+2 is either zero or q − 1. In the first case, we have k i+1 = · · · = k n+1 = q − 1 and s(k) = n + 2. In the second case, again we have k i+1 = · · · = k n+2 = q − 1, but s(k) = (n + 2) − i. This leads to the following formulas:
(Note, if λ = 0, then k n+2 must be zero, and so, the second case never occurs.) Permuting these zeros around in n+1 i
ways among the first n + 1 coordinates gives us all possible points in E 1 . That is, if we set
and
(counts second case), then we have k∈E1 S k = A + B for λ = 0, else k∈E1 S k = A for λ = 0. Now, by the binomial theorem, we see that
Thus, for λ = 0, we have
which proves the lemma.
Application to zeta functions
Suppose X λ is smooth and λ n = (n + 1) n+1 . (Note, the latter requirement on λ is so that the affine toric variety g, defined at the end of Section 2, is ∆-regular.) As mentioned in the introduction, Wan [2, Theorem 7.3] has proven that there exists a polynomial R n (λ,
We will now use this and Theorem 1 to prove: Theorem 2. Suppose gcd(n + 1, q) = 1. Let k be the smallest positive integer such that q k ≡ 1 modulo n+1. Assume X λ is non-singular and λ n = (n+1) n+1 . Then there are positive integers ρ 1 , . . . , ρ s , each divisible by k, and polynomials
, which are pure of weight n − 3 and irreducible over Z, such that
Proof. Suppose gcd(n + 1, q) = 1. Let k be the least positive integer such that q k ≡ 1 modulo n + 1. For every nonnegative integer s and j = 1, . . . , k − 1, we have gcd(n + 1, q sk+j − 1) = 1. So, by Theorem 1, we have #X λ (F q sk+j ) = #Y λ (F q sk+j ) for every s ≥ 0 and j = 1, . . . , k − 1. This implies
where the first equality uses the previous sentence and the second equality is simply definition. Under the assumption that X λ is non-singular, Wan has shown [2, Theorem 7.3] that there exists a polynomial R n (λ,
− n, pure of weight n − 3, such that
Combining this with (11) shows us that
ρs into irreducibles over Z proves the theorem.
The Proof of Theorem 3
First, let us recall what we will prove.
Proof. We will first prove the congruences on X λ . We do this by gathering all the points of X λ that have the same number of coordinates zero. For each 1 ≤ i ≤ n − 1, define M * i as the number of F q -rational points in P n−i F * q which lie on the diagonal hypersurface
Notice that the group
acts freely on the set of points defining M * i . Since there are d := gcd(n + 1, q − 1) many (n + 1) roots of unity in F q , we have
0 be the number of F q -rational points in P n F * q which lie on X λ . As mentioned before, the group
acts freely on the points defining M * 0 , and so #G = d n divides M * 0 . Putting this together, we have
This proves the first part of the theorem since each M * i is divisible by d. If n + 1 is a power of a prime ℓ, then not only are the M * i divisible by d, but each of the binomial factors are divisible by ℓ; this proves the congruence on X λ in the second part of the theorem.
From now on, in this proof, we will assume n + 1 is a power of a prime ℓ. We will now prove the congruence on Y λ . With λ = −(n + 1)ψ, recall from Section 2 that
where N * λ is the number of F q -rational points in A n+1 Fq that satisfy
We claim that #Y λ (F q ) ≡ N * λ modulo ℓ. Since gcd(n + 1, q − 1) > 1, q ≡ 1 modulo ℓ. Using the fact that q n −1 q−1 = q n−1 + · · · + q + 1, we have: if ℓ is an odd prime (the even case is similar), then
This proves the claim.
Since we now have #Y λ (F q ) ≡ N * λ modulo ℓ, we will concentrate on computing N * λ . Consider counting the points on (12) as follows: suppose a point x := (x 1 , . . . , x n+1 ) ∈ A n+1 Fq has two coordinates equal. Then we may permute these two around in ways without changing the order of the other coordinates. For instance, (1, 2, 1, 3, 4 ) is permuted to (1, 1, 2, 3, 4) but we are not talking about permuting it to (1, 1, 3, 2, 4) since this changed the order of the 2, 3, and 4. Thus, the orbit of the point x under this type of permutation contains points contained in the affine toric variety defined by (12). (Note, the reason we are worrying about the order is so that we do not over count points which have multiple pairs of coordinates being the same, like (1, 1, 2, 2, 2) .) If all the coordinates of x are different, then we may permute these around in (n + 1)! ways.
Putting this together, we find, modulo ℓ:
Fq | all coordinates are equal and x satisfies (12)}.
If all the coordinates are equal, then we have the system (n + 1)x − (n + 1)ψ = 0 and x n+1 = 1. By hypothesis, n + 1 is invertible in F q , thus, we have x = ψ for the first equation, and so ψ n+1 = 1 for the second. Therefore,
0 otherwise modulo(ℓ).
